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Abstract 

We propose a discretisation scheme based on the Dirac-Kahler formalism (DK) in which the 
algebraic relations between continuum operators {A, d, *} are captured by their discrete analogies, 
allowing the construction of the relevant projection operators necessary to prevent species doubling. 
We thus avoid the traditional form of species doubling as well as spectral doubling, which does not 
occur in the DK setting. Chirality is also captured, since we have * from geometric discretisation. 
Some remarks regarding the gauging of the theory are made. 
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I. INTRODUCTION 

The lattice provides a regularisation of continuum quantum chromodynamics which 
has played a central role in the study of non-perturbative effects such as quark confinement. 
However, problems arose which seem, at least at first sight, to be inherent to the lattice. 

Putting fermions on the lattice naively leads to degeneracy, as can be seen from the 
dispersion relations obtained. When Wilson removed this degeneracy, it may have seemed 
that the loss of chirality was perhaps coincidental but subsequent work [2, [J, based on 
topological arguments, found that this was not the case. 

The argument, proposed by Nielsen and Ninomiya (NN), shows that there are, under 
reasonable assumptions such as exact conservation of discrete valued quantum numbers 
(lepton number Q) and locality, an equal number of species of left and right-handed neutrinos 
which means that you cannot have single fermions since they occur in pairs. Handedness 
is then taken into account by considering the homotopy class of maps from closed surfaces, 
encircling the degeneracy points Ud eg embedded in the Brillouin zone into the space of rays 
formed by the N fundamental fermion components CP^ -1 . The degenerate fermionic states, 
| u> >, live in this space and satisfy 

H | u >= uj deg | u > . 

The Dirac-Kahler (DK) formulation j^J, which is differential geometric [f], 0,0] in nature, 
is advantageous since it gives rise to a non-degenerate energy spectrum in the discrete 
formulation, which means that the NN theorem is not applicable jjj. With this in mind 
a discrete DK theory 10, ll| can be expressed, using ideas from algebraic topology to 
provide a natural discrete analogue to differential geometry. Becher and Joos showed 
how doubling still arises in this theory after reduction, even though topology is captured 
and NN is not applicable j^, as the discrete operations used do not satisfy the desired 
properties. 

The algebraic properties of the discrete analogies of the operators {A, d, *} are used to 
describe spinors and the action of the Clifford algebra on them. The latter has a differential 
geometric analogue through the introduction of the Clifford product (CP), both in the 
continuum and on the lattice. Its action, denoted by V, is a combination of the operations 
in the triple {A, d, *} and plays an important role in the construction. 
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We use the DK approach with geometric discretisation (GD) Q| as our discrete differ- 
ential geometry. GD uses discrete analogies to continuum objects and operators, capturing 
Stokes' theorem and the Hodge decomposition theorem, in a similar fashion to Dodziuk [15] . 
It also possesses a discrete Hodge star operator by using a subdivided space in which both 
the original and dual lattice are contained, which was previously not available. The discrete 
wedge enables us to impose the conditions needed to relate the Dirac-Kahler equations to 
the Dirac equation (DE) which was the problem faced by Becher and Joos llll l. and 
the discrete Hodge star allows us to deal with chirality as was discussed by Rabin [17 1. 

To summarise: 

• We use the DK approach and so do not suffer from spectral degeneracy. 

• In our framework we use: 

— The GD wedge, which means that we can impose subsidiary conditions to avoid 
species doubling. 

— The GD Hodge star, which means that we have chirality. 

In this work, we strengthen the relation between the lattice and the continuum in order 
to propose a more satisfactory lattice regularisation of the Chiral theory. 

We begin with a brief review of the DK equation in section 2. We then look at how this 
is dealt with discretely in section 3; first, using standard methods where the wedge fails, and 
then using GD where it does not. We address some issues regarding the gauging of the free 
theory in section 4. 

II. THE DIRAC-KAHLER EQUATION 

In the language of differential forms the Laplacian is given by 

A = d5 + 5d. 

Thus we note that 



-(d-5) 2 = A, 
from which we obtain the Dirac-Kahler equation (DKE) 

i(d — 5 + m)ip = 0, 



the solution of which has the following the functional form 

if) = 1 + f^dx^ + —f^dx 11 A dx v + —J^dx* A dx u A dx x + / 123^° A dx l A dx 2 A dx 3 . 
_ . o . 

In order to represent spinors in this language, we introduce the Clifford product, which 
acts on the space of inhomogeneous differential forms and satisfies the following relations: 

1V1 = 1, (1) 
lVd/ = dx^ V 1 = dx 11 , 
dx^Vdx" = €T ■ 1 + dx? A dx v , 

where g^ u is the Euclidean metric. Through the identification 

dx^y i-> 7^, (2) 

which arises from representation theory, we relate the differential forms under the CP to the 
algebra of gamma matrices. It is now immediate that 

{y\ 7 n = 2<r. 

The Dirac field then belongs to a 16 dimensional representation of the algebra of gamma 
matrices. Furthermore all the representations of the complex Clifford algebra of the 4- 
dimensional Euclidean space can be decomposed into 4-dimensional irreducible representa- 
tions j^J; these being equivalent to those generated by the standard gamma matrices. 

As we have introduced the Clifford product, an important observation due to Susskind 
is now in order, namely, that the DKE is invariant under the group SU(4), referred to as a 
global flavour symmetry, which acts by right action of the Clifford product with a constant 
differential U. That is, 

(d-5 + m)($VU) = {(d-5 + m)<S>}VU = 0, (3) 

this being established through the identification d — 8 i— > dx^V and use of the associativity 
of V which is known to hold in the continuum. 

We can thus decompose the 16D space of differential forms T> = {$} into 4-dimensional 
invariant subspaces 

6=1 
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on which the DKE implies the DE. 

One can construct a collection of projection operators mapping forms onto the irre- 
ducible subspaces V^ b \ where 

$ v P (fc) = $, (4) 

if $ G £> (b) . We also know that $ V P (6) is a solution of the DKE from the argument given 
above regarding the global 577(4) symmetry. With this subsidiary condition (J3j), the DKE 
for fixed b is equivalent to the DE. 

From we can see that d — 5 = dx^ V d^. Considering 

$( 6 ) = $ v P (6) , 

where $ is a solution of the DKE, we get 

(d-5 + m) h+ (7^ + m) 

leading to the Dirac equation. 

We note that the DKE can also be expressed using the set of equations 

i{du<r-V - 5co {p+1) ) = -mu (p \ p = {0, 1, . . . ,4}. 

These are related. For instance, the p = and p = 4 equations are equivalent; as can be 
shown using = I and 5 = *d*. A solution to the p = equation living in one of the T>^ 
is then a solution of the p = 4 equation (in the same T> h ). If we did not have ** = I and 
5 = *d* then the relations between the equations would not be captured and degeneracy 
would arise. 

In this language, taking 7 5 = 7°7 1 7 2 7 3 and with the identification dx u \/ h-> 7^ it is found 
that 7 5 corresponds, up to sign, to * ; (7 s ) 2 = 1 while ** = (— l) p . Thus the Hodge star 
operator plays a central role in formulating chiral fermions 

Before we address the discretisation of this theory, it is worth looking at the definition of 
the Clifford product in the continuum, which we express in the form 

$ V * = E ! ^ ^ P (e»A • • • e,J $)) A (e* j . . . e^j *) , (5) 

where sign (p) = (— 1) P(P 2 and rfuf = (—l) r ui r . We note that the operations of contraction 
J and that of wedging are both used. 
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III. THE DIRAC-KAHLER EQUATION ON THE LATTICE 



After having stressed the importance of the subsidiary conditions above, we now inves- 
tigate their discrete counterpart [s3|. We will first explain the nature of the problem by 
describing the usual method and then propose our alternative. Again, this will turn out to 
be linked to the algebraic relations of the discrete operators; particularly of the wedge A. 

At this point it is useful to note that the (continuum) subsidiary conditions can be 
given the form of a group property known as the reduction group denoted 1Z generated by 
t = idx 1 A dx 2 and e = dx l V dx 2 V dx 3 V dx 4 under V-multiplication. 

On the lattice, we represent p-forms as p-cochains. Thus the Dirac fields are represented 
by inhomogeneous cochains. We now review the construction of the discrete analogue of the 
reduction group. 

o ^ o — = o 



O = {0} 



O A zero-form at x 

x 



x+h x+h O- 



-O ^ O = - O 

x+h x+h x x+h 



A one-form with base 
point at x. 



FIG. 1: Role of the base point to the discrete wedge 



In that approach, where the cup product is taken as the discrete wedge, the operation is 
performed at a base point x. The left and right cochain arguments of the wedge must have 
the same base point, as illustrated by the above FIG. 1. 

In the continuum x A y is equal to y A x up to sign [33] which is no longer the case on 
the lattice; unless we translate the right cochain in such a way that its base point coincides 
with the other, enabling us to wedge cochains which do not have the same base point. 

In the continuum we have 

dx 1 V (dx 1 A dx 2 ) = 1 A dx 2 = dx 2 

because we remove any dx^s which two arguments have in common before wedging them, 
when taking their Clifford product. 
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So, 

(dx A dy) V (dx A dy) = 1 A 1 = / 

whose discrete analogue is 

(dx A dy) V T(cfe A dy) = T e 7, 

where translation operation T e shifts simplices a and r) so that ffAfj and rj A cr have common 
support. 

It is then found that [ill ]: 

2 on 2 on 

' J — (ei+e 2 ); e J — (ei+e 2 +e3+e 4 ) j 

rVe = eVr = T ei+£2 re, 

thus supplementing the group 1Z with translation elements. This means that the discrete 
reduction group does not close and it is not possible to impose the subsidiary conditions. 

Note that the presence of translation operators in the discrete analogue of the reduction 
group is unavoidable in this formalism. One could consider the space resulting from quoti- 
enting translation elements, but this would lead to the lattice being identified as one unique 
point. 



x+h 

FIG. 2: Discrete wedge in GD: the higher dimensional region, here a tetrahedron gives common 
support to the vertex at x, the vertex at x + h and to the edge [x, x + h]. 

In geometric discretisation (GD) Q] we map any p-cochains, a p , to p-forms, u p , using 
the Whitney map W and wedge these, before mapping the result back to the lattice, using 
the de Rham map A given by 



A{u?) = E / [°f]> ( 6 ) 




where AW = I which makes the Whitney map the right-inverse of A and in the standard 
simplex coordinate system is given by 



W([v . . . v r }) = r! y~](— lYnidfip A ... A dfj,{ A ... A d/jL r , (7) 

8=0 

and the functions {/J*i,i G [0, r]} are the so called barycentric coordinate functions. 

[2] 
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FIG. 3: The standard simplex 



In the case of the triangle of FIG. 3, the barycenter coordinates are given by 



1 — x — y, for i = 0, 
x, for i — 1, 
y, for i = 2. 



(8) 



It is then immediate to check that 



dW K ([v ...v r ]) = W K d K [v ...v r ], (9) 

displaying how the simplicial map d K is tied to its continuum analogue d. Starting with (JBJ), 
and applying ( jTj l. one obtains the so called Whitney elements which form the basis list of 
differential forms captured by the cochain space under W 3] 

We then define the discrete wedge of any two given simplices a and 7] living in the complex 
K as 



aA K rj = A K (W K (a)AW K (r])), (10) 

which satisfies x A K y = ±y A K x with no translation element required. Thus r 2 = I and the 
reduction group closes. We note that the wedge product in our method is only associative 



S 



up to a multiplicative factor which is a function of the degree of the cochains being wedged. 
Given three cochains a, rj, £ in K, respectively of degrees p, q and r, the rule is 



a A K (rj A K () = (" ^ *) ^ C- (H) 

Before we proceed to discuss the Dirac-Kahler equation in our framework, we would like 
to comment further on the simplicial operations defining GD by giving our discrete exterior 
derivative d K and its adjoint 5 K . They are as follows: 

N 

d K [v ...v r ]= y^JvkVp ...Vr}; (12) 

while, 

5 K [v ...v r }= * L d L * K [v ... v r ] 
= ±d K [v ...v r ] 

N 
k=0 

where N is the number of vertices. Note the role played by the dual complex L in defining 
S K . 

Example: Consider FIG. 3 again and the zero-cochain 
^ = ^(/) = /([0])[0] + /([l])[l] + /([2])[2] 
Applying d K we obtain 

d K a° = (/([l]) - /([0]))[01] + (/([2]) - /([1]))[12] + (/([2]) - /([0]))[02]. 

Noting that for [0] = (0,0) and [1] = (h,0) we see that f([l\) - /([0]) = f(x + h) - 
f(x). Also, since we started with a zero-cochain, 5a° K = 0. The emerging picture for the 
DK equation in the present framework is that one has a hyper-cubic complex with fields 
represented by inhomogeneous cochains with constant coefficients in front of simplices such 
as [i], [ij], [ijkl] and so on. The fact that one has Whitney elements is of importance here 
in two related ways. First of all, they provide support to the associated form and also are 
used in the wedge formulae used below. 

9 



To compare this with the method described previously, we point out that the vertices at 
x and at x + h have overlapping support on the edge [x, x + h] (FIG. 2). If one was to 
specify a base point to be x or x + h, as is done in turn in FIG 1, one would still get the 
correct non-zero answer. It follows that no translation is necessary. 

In the argument given above, we assumed that the inhomogeneous differential forms 
projected under the right action of P^ remain solutions of the DKE. In the continuum, this 
step involved the associativity of the continuum Clifford product. As is apparent from (jSJ) the 
associativity of the discrete Clifford is conditional on the discrete wedge being associative. 
In other methods such as ^j] the discrete Clifford product is non-associative in general but 
does not affect the derivation of 0. In the present framework we point out that we are 
given the exact expression for the P( b > differentials in the discrete theory. Therefore, owing 
to the fact that the Clifford product gives rise to the algebra displayed in (0), we can assert 
that 

$' = $ V P (6) (13) 

is also a solution of the DKE. 

More explicitly, the P^ are constant differentials, and our discrete wedge (|1U|) is exact for 
constant differentials. Hence provided the lattice field $> K satisfies the discrete DK equation 

(d K -5 K + m)$ K = 0, (14) 

the equations 

(d K -5 K + m)($ K V K P {b) ) = (15) 

follow without requiring associativity of the discrete wedge. To make sense of this last 
equation in the lattice setting, we recall the formulae for the Clifford product does include 
the wedge but also contraction [35j. Given a two form for example which has support on a 
square [0123] say with [01] and [32] opposite edges along the x-axis and [03], [12] parallel 
edges along the y-axis. Then contracting the two form represented by [0123] with a dx and 
using (see Becher and Joos |ll| ) 

= -(1 + zsign(12)da; 1 A dx 2 ) V (1 + sign(1234).e) (16) 
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in (|13|). we have an analogous lattice operation 



e x J A "[0123] = [03] + [12], (17) 

while W^([03]) and W /ftr ([12]) have respectively images given by (1 — x)dy and xdy so the 
contraction operation at the simplicial level gives back the correct Whitney element of form 
degree one less. This is what is meant by capturing exactly the right multiplication with the 
constant differential P^ b > . It is of interest to compare this approach with the discussion of 



Rabin 



In l 



in which the importance of the discrete operators in the reduction is identified. 
On the issue of chirality, our discrete Hodge star maps one space into its dual, that is 
there is a doubling of the space of cochains. As is customary in lattice theories we then 
deduce the relation: 

{75, D] = 0. (18) 

In the present DK formalism this is expressed (acting on fields in K, but one can equally 
swap K and L superscripts) as 

{*, d - 5} K = * K (d K - 8 K ) + (d L - 5 L )* K , (19) 

since * plays the role of 75 and D = d — 5. Using -k L * K = I and 5 K = -k L d L * K , which are 
both satisfied in GD, we find 

_ ^ d L^ K) + (d L _ +K d K^K = ^K d K _ + _ rf K ^ 

= ^K d K _ d L^ K) + {d L _ dK) = q 

Note that 75 is identified with * K and * L , up to some sign factor, since (7s) 2 = 1 where as 
-k L -k K = ±1. So we always have ** = 1 provided we insert the correct sign factor, leading to 
the desired result. Again, there are two spaces involved here, since -k K D K and D L -k K both 



map objects to their dual space, which is also the case in Ginsparg- Wilson [12| for example. 

The presence of the two spaces, K and L, is, we claim, not a problem in the discretised 
chiral fermion theory. In order to check this, we note that the subsidiary conditions carry 
through under application of *. Namely, if uj G Pj^ then -k u £ Pf } . Since the theory is 
well defined as we interchange K and L, a space such as is well-defined. That is, in 
a self-explanatory notation we can write an L-DKE as we were able to write a K-DKE in 

(Gi- 
ll 



Given the inhomogeneous fields &k, represented by inhomogeneous cochains in the com- 
plex K, we can now consider the associated action functional Sk' 



S k =< $at, (d-S + m)$ K >, 
where (denoting complex conjugation by c) 

®K = 75® K = * K ®K 

and so belongs to the dual space L. It is worth pausing for a moment to appreciate the role 
played by * both as 7 5 and as providing the volume form for integration. 
The inner product < -, ->: C P {L) x C n - p {K) — ► C Q is given by 

[n + 1] 



<a L ,r 1 K >=(a L ,* K r 1 K "- v ^ ; ' ' t^ d _M a wB^^ 



- [ W B (Ba L ) A W B (Br ] 1 



p\(n — p) 

where B is the subdivided space containing both K and L and Ba L is the projection of a L 
onto B. 

The action is of the form 

S K = S ($ K , * K & K ) , (20) 

where there is a subtlety since the field * k 3>k lives in L. Although there is a field in the 
original and dual complex, one is the image of the other. We can repeat the argumen; 



starting with the L complex, and define Sl ($l)- This in contrast with methods such as [11 1 
in which the volume element is induced by right Clifford multiplication with e. Again, this 
is due to the close link between the lattice and differential geometry in our method. 

Finally we look at the partition function for which the action is a direct sum of its 
components in the invariant spaces 
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S = J2s {b \ (21) 

6=1 

which according to the argument above can be readily rewritten as 

S = Y, S k® S l- (22) 



6=1 



Furthermore, S K and S L are functionals respectively of the fields $x and $l and their 
associated representative in the dual spaces L and K. It follows then that the counting of 
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the fields is correct, while we obtain the partition function squared given below. To see this, 
we introduce a matrix M determined by taking 

<S> T K M K & K = S K (<S> K , & K ). (23) 

The entries of M K are fixed, up to normalisation (volume factors), by 

M§ = SK(<Ti,<Tj). 

We can fix this by normalising the parameters in the general formula for the discretised 
fields, 

i 

from Eq. (JUJ). The space of parameters A, determines the partition function measure: 

Z = J [d^ K ][d^l}[d^ L }[d^l)e^ M ^ + ^ M0L ^ J [d$#][d$£]e J [d$ L ] [d<S> T L )e *" M ^ 

(24) 

which splits into two independent parts, one for fields defined on K and the other for fields 
defined on L. So, there is no mixing between the two lattices K and L. 

IV. REMARKS ON GAUGING THE FREE FERMIONS 

In the DK picture the global SU (4) symmetry is linked to the specific representation of 
fermions using the CP, and it has been argued that one could attempt to make it into a local 
"flavour" gauge symmetry. Here however, one take the inhomogeneous differential forms, 
and add a gauge label to their coefficient turning a given form into a Lie algebra valued 
form. The central observation is that the group action on the gauge labels should leave the 
reduced spaces P^VL invariant. In the continuum language one would say that reduction 
(which is an action of SU (4) on fl) commutes with gauging the free fermions. 

In GD, some freedom is given to us in how one might gauge the fermions, let us choose 
minimal coupling. As is customary, introduce gauge fields (x) and consider the parallel 
transport operator from the vertex at x to the vertex at x + jx: 

Up (x) = exp[ieaA,t (x)). (25) 

The operator U is then inserted in the fermion bilinear term of the free Lagrangian. The 
invariance of the Lagrangian under gauge transformation follows by the usual manipulation 
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of matrices and traces. In effect, we have coupled a zero- form (in the spinor representation 
of DK only) gauge field to an inhomogeneous form field. Furthermore, this guarantees that 
the V® are left invariant. 

In the usual Dirac-Kahler methods, as described above in geometric language, one diag- 
onalises the free Lagrangian leading to 



« d E ^ ^ ^^ Tr ^ ri+A ]^ (r + afi) - Tr [(ri) + j^-y (r - ap,)}} (26) 



r, pL 



2a 25 



by means of the transformation of Kawamoto and Smit |24| (introducing the Y matrices) 
followed by thinning which amounts to taking the trace leaving one component of 4>. At 
this point, one has the option of blocking the fields j3, 2fi| ; this is done by introducing 
the so-called block coordinates and by means of a unitary transformation one obtains a 
Dirac <S> flavour representation. The gauging is then done by inserting link variables in the 
Lagrangian (j26j). 

Of particular interest to us, is the framework of staggered fermions in which the gauging 
is done after the thinning. One obtains directly: 



L s = a d (r) \tt [(r*) f 7/ J^]-L[^ ( r ) ( r + a fi) - 1% (r - afi) (r - afi)}. (27) 
2 2 <za 

r, fi 

The reduction described in this paper which leads to (|2*Uj) can be interpreted as the 
analogue of diagonalising and thinning, we reduce the degrees of freedom to obtain one 
fermion with 2 2 spinorial components described in any given invariant subspace by an 
action of the form (|27j) . However we can also be more general and consider 

SK=(*$\v[(d?-5 K + m)$<g)), (28) 

where U = J2 t Ui is the displacement operator labeled by the degree of the cochain it acts 
on. 

It is immediate that U exponentiates a zero form with value in the representation of the 
Lie algebra. It seems at first that we are coupling (n — p)-form fields to p-fields. However it 
is not the it should be physically. The cochains cannot be used as the basic fields in 

the theory, since the gauge invariance of the resulting extended objects is not well-defined, as 
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illustrated by the no-go theorem of Teitelboim |2j|. Thus, although we use inhomogeneous 
differential forms to represent the algebra of spinors, they exist at points within a cell. 
This argument indicates that one may not attempt to make the SU(4) symmetry local in 



our method as opposed to the suggestion of 
rotational symmetry within a given cubic cell. 

Let us look at the 2D example and consider a square as below. 

[3] [2] PI [2] 



llj . Nevertheless, our action has the discrete 



roi 



ni 




FIG. 4: Two types of couplings: two edges with a vertex in common and the entire square with 
one vertex. 



The displacement U in the group then corresponds to matching fields at a fixed point in 
each cell. 

To summarise 3(| , in gauging the fermion field, we insert an operator to the right of the 
wedge in the action. In our language, the operator d — 5 affects a displacement and so one 
should propagate the field by inserting the appropriate U operator. 



Finally, a s 
authors 



rort comment about fermion masses. It has been established by various 



introduction of masses in the theory, either by hand as specifying 
bare masses or those induced by renormalization counter terms will depend on the gauging 
procedure. As pointed out above, we do not block the fields in the present method and it 
has been shown |29j that for the usual Susskind fermions with parallel transport operators 
inserted in the Lagrangian, no counterterms arise from renormalization and so the bare 
masses specified by hand are the actual masses in the theory. This means that our mass 
term which is 

mi>A*$, (29) 
would give rise to no counterterms. In the usual methods, the blocking of the fields is 



central as the residual doubling present in these methods 



301 ] is identified as providing 



the multiple flavours. Moreover, careful analysis of the various symmetries of the Lagrangian 
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indicate that the DK lattice theory and the staggered theory differ as regards the 
generation of masses. For instance, the shift invariance is present in the staggered formalism 
thus preventing the dynamical generation of masses while it is not in DK after gauging. 



V. A CRUCIAL REMARK 

We have made some general comments about gauging, which ought to be the crucial 
step; but it is essential to note that this theory can be related to the staggered theory in 
the standard way of Becher and Joos, where one would expect the problem of doubling 
to reappear in the form of species doubling. What is novel in our approach is that by 
keeping inhomogeneous cochain fields without mapping their coefficients to vertices as is 
customary, we open the possibility of having reduced Dirac-Kahler fermions regularized in 
a way that has fields not defined at vertices solely but also on links and plaquettes. This is 
a consequence of the close relation of our formulation to differential geometry which makes 
the shift operators of FIG. 1 superfluous. Yet the extended objects should have no intrinsic 
meaning physically and only represent a fermionic field if). 

This state of affairs is clearly different from the type of theories covered by the Nielsen- 
Ninomiya theorem j3?j], yet the theory is discretised so we expect to be able to put it on a 
computer. 

VI. CONCLUSION 

We are thus able to work with chiral Dirac fermions without seemingly suffering from 
degeneracy. In summary: 

• Spectral degeneracy does not occur in the Dirac-Kahler formalism, 

• Species doubling is avoided using the GD wedge which allows us to impose the sub- 
sidiary conditions, 

• Species doubling is also avoided since we have 5 = *d* and = /; the DKE is 
overdetermined if this is not the case, 

• Chirality is captured since we have a discrete Hodge star. 
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• Some gauging prescriptions are made for the resulting staggered fermion theory and 
we have alluded to a new approach which is more natural in the present context. 

We have tried to keep this note as short as possible, avoiding purposely to cloud the 
argument with the notation used in GD. Yet we intend to write a more exhaustive note 
which will include more technical details of our method (GD). The interest for this problem 
was initiated partly by the paper of Rabin in which the role of the Hodge star is presented 
as crucial to the lattice formulation of Chiral fermions. We also hope to have conveyed 
the idea that a large class of discretisation problems are caused by discrepancies in the 
relations between the operators A, d and *. This is precisely what we tried to remedy here, 
emphasising the importance of differential geometric ideas in a discretised theory. 
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